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A Synthesis Problem

Given: [

- System model Flz,u,0)

-both continuous & discrete evolution g( z,u) >0
-actuation limitations
-modeling uncertainties & disturbances

- Specifications
-high-level requirements
-optimality criteria

Automatically synthesize a control protocol that

*manages the system behavior and
«is provably correct with respect to the specifications and optimal.



Outline

1. Abstraction-based synthesis

2. Approximate Dynamic Programming

3. Learning from expert demonstrations

lvan Papusha



Detour: Specifying Behavior with Temporal Logic

Propositional
Logic
+

Temporal
Operators

A (and)

V (or)

— (implies)
— (not)

¢ (eventually)
O (always)
U (until)

(only a dialect in a large family of languages)



Detour: Specifying Behavior with Temporal Logic

(only a dialect in a large family of languages)

A (and) Reduced Speed Zone oot
Propositional v (o) .
e e s a
Tem:oral ¢ (eventually) PESIIONSE &
Operators 5 éiﬁﬁ%’s)

Traffic rules:
 No collision [ (dist(x, Obs) > Xate A dist(x, Loc(Veh)) > Xqate)
* Obey speed limits [ ((z € Reduced_Speed_Zone) — (v < Vreduced))

* Stay in travel lane unless blocked
* Intersection precedence & merging, stop line, passing,...

Goals:
 Eventually visit the check point O(z = ck_pt)
* Every time check point is reached, eventually come to start [J((z = ck pt) — O(z = start))



Detour: Specifying Behavior with Temporal Logic

(only a dialect in a large family of languages)

4 (2111(1) Reduced_Speed_Zone ck_pt
—

Propositional \;(Fﬂ Jes) o o
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Logic ~ (not) R Iy
= !f

Temporal O (eventually)
00 VMS global spc — Edited

position : x

LJUU1S.30=1 & S5.3al=1) & (5.NV=1 & S.NI=0 & S.NZ=V) & (€.WU=U & €.Wi=W)) —> ((5.pTU=1 & S5.pTi=V))) &

[J(((s.a0=1 & s.al=1) & (s.h0=1 & s.h1=0 & s5.h2=0) & (e.wd=1 & e.wl=0)) -> ((s.pfo=0 & s.pfl=1))) &

[1(((s.a@=1 & s.al=1) & (s.h@=1 & s.h1=0 & s.h2=0) & (e.wd=0 & e.wl=1)) -> ((s.pf@=0 & s.pfl=1))) &

[J(((s.a0=1 & s.al=1) & (s5.h0@=0 & s.h1l=1 & s.h2=0) & (e.wl=0 & e.wl=0)) -> ((s.pfO=1 & s.pfl=0))) &

[J(((s.a0=1 & s.al=1) & (5.h0=0 & s.h1=1 & 5.h2=0) & (e.wd=1 & e.wl=0)) -> ((s.pfO=0 & s.pfl=1))) &

[J(((s.20=1 & s.al=1) & (5.h0=0 & s.hl=1 & s.h2=0) & (e.w0=0 & e.wl=1)) -> ((s.pfO=1 & s.pfl=1))) &

[J(((s.a@=1 & s.al=1) & (s.h0=1 & s.h1=1 & s.h2=0) & (e.wd=0 & e.wl=0)) -> ((s.pfO=0 & s.pfl=1))) &

[J(((s.a@=1 & s.al=1) & (s.h@=1 & s.h1l=1 & s.h2=0) & (e.wd=1 & e.wl=0)) -> ((s.pf@=0 & s.pfl=1))) &

[1(((s.al@=1 & s.al=1) & (s5.h@=1 & s.h1l=1 & s.h2=0) & (e.wd=0 & e.wl=1)) -> ((s.pf@=1 & s.pfl=1))) &

[J(((s.a0=1 & s.al=1) & (5.h0=0 & s.h1=0 & s.h2=1) & (e.w@=0 & e.wl=0)) -> ((s.pf@=0 & s.pfl=1))) &

[J(((s.a08=1 & s.al=1) & (5.h0=0 & s.h1=0 & s.h2=1) & (e.wl=1 & e.wl=0)) -> ((s.pfO=1 & s.pfl=1))) &

[J(((s.a@=1 & s.al=1) & (5.h0=0 & s.h1=0 & s.h2=1) & (e.wd=0 & e.wl=1)) -> ((s.pfO=1 & s.pfl=1))) &

[1(((s.h@=0 & s.h1=0 & s.h2=0) & (s5.20=0 & s.al=0)) -> next ((s.h@=0 & s.h1=0 & s.h2=0) | (s.h@=1 & s.h1=0 & s.h2=0) | (s5.h0=0 &
s.hl=1 & s.h2=0))) &

[J(((s.h@=0 & s.h1=0 & 5.h2=0) & (s.a@=1 & s.al=@)) -> next ((s.h0=0 & s.h1=0 & s.h2=0) | (s.h0=1 & s.h1=0 & s5.h2=0) | (s.h@=0 &
s.hl=1 & s.h2=0))) &

[J(((s.h9=0 & 5.h1=0 & 5.h2=0) & (5.20=0 & s.al=1)) -> next ((5.h0=0 & s5.h1=0 & 5.h2=0) | (s5.h@=1 & s.h1=0 & s5.h2=0) | (5.h0=0 &
s.hl=1 & s5.h2=0))) &

[1(((s.h0=0 & s.h1=0 & s.h2=0) & (s.a@=1 & s.al=1)) -> next ((s.h®=0 & s.h1=0 & s.h2=0) | (s.h@=1 & s.h1=0 & s.h2=0))) &

[1(((s.h@=1 & s.h1=0 & s5.h2=0) & (5.20=0 & s.al=Q)) -> next ((s.h®=0 & s.h1=0 & s.h2=0) | (s.h®=1 & s.h1=0 & s.h2=0) | (s.h0=0 &
s.hl=1 & s.h2=0) | (s.h@=1 & s.hl=1 & s.h2=0))) &

[J(((s.h@=1 & 5.h1=0 & 5.h2=0) & (5.20=1 & s5.3al=0)) -> next ((s.h0=0 & s.h1=0 & s5.h2=0) | (5.h0=1 & s.h1=0 & s5.h2=0) | (5.h0=0 &
s.hl=1 & s.h2=0) | (s.h9=1 & s.hl=1 & s.h2=0))) &

[J(((s.h@=1 & s.h1=0 & s.h2=0) & (5.20=0 & s.al=1)) -> next ((s.h0=0 & s.h1=0 & s.h2=0) | (s.h@=1 & s.h1=0 & s.h2=0) | (s.h0=0 &
s.h1l=1 & s.h2=0) | (s.h@=1 & s.hl=1 & s.h2=0))) &

[1(((s.h®=1 & s.h1=0 & s.h2=0) & (s.a0=1 & s.al=1)) -> next ((s.h@=0@ & s.h1=0 & s.h2=0) | (s.h@=1 & s.h1=0 & s.h2=0) | (s.h0=0 &
s.hl=1 & s.h2=0))) &

[J(((5.h9=0 & s.h1l=1 & 5.h2=0) & (5.20=0 & 5.3l1l=0)) -> next ((s.h0=0 & s.h1=0 & 5.h2=0) | (5.h0=1 & s.h1=0 & s5.h2=0) | (5.h0=0 &
s.hl=1 & s.h2=0) | (s.h@=1 & s.h1l=1 & s.h2=0) | (5.h9=0 & s5.h1=0 & s.h2=1))) &

[J(((s.h@=0 & s.hl=1 & s.h2=0) & (s.a@=1 & s.al=0)) -> next ((5.h®=0 & s.h1=0 & s.h2=0) | (s.h@=1 & s.h1=0 & s.h2=0) | (s.h0=0 &
s.hl=1 & s.h2=0) | (s.h®=1 & s.hl=1 & s.h2=0) | (s.h®=0 & s.h1=0 & s.h2=1))) &

[1(((s.hd=0 & s.h1l=1 & s.h2=0) & (s5.20=0 & s.al=1l)) -> next ((s.h@=0 & s.h1=0 & s.h2=0) | (s.h@=1 & s.h1=0 & s.h2=0) | (s.h0=0 &

s.hl=1 & s. h2 9) | (s.he=1 & s.h1l=1 & s.h2=0) | (5.h0=0 & s.h1=0 & s.h2=1))) &

NA= A ni= A N/=#W A =145 A 2 1l= - ne NA= A 1=
- -_—

[1({
Tt ( =N ¥ JI=1Y 5= Y TH=1 ¥ = == Uk TN= g
2°PT=T € 2°p5=6) | (2°pe=T ¢ 2"pI=T € 2°P5=6) | (2°P6=6 € 2°PI=6 € 2°P3=T))) ¢

8=0 ¢ 2°'PI=] € 2°PUS=6) & (2°98=8 & 2°'9]=T)) —> UGX[ 2TUR=0 ¢ 2'PT=0 ¢ 2" YUS=0) 2'UR=T @ 2°'PI=0 ¢ 2"P35=6) 2 Ue=0 ¢



A widely explored approach

Goal — environment
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response
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Controller
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A widely explored approach

Different views Multi-scale models Synthesis method Control protocol
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A widely explored approach

Different views

P08 long-
\

% horizon
Q\' specifications
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Multi-scale models
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Iterative
graph search
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Constrained,
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optimal control

Control protocol
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Controller
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A widely explored approach

Different views Multi-scale models Synthesis method Control protocol
o g R e
? o % "% Ircl)ng- | : 5 TR ; lterative -
\ & norzon oy @ graph search __{ |<—-
AN "4 specifications T S | Generator
i Abstraction with “simulation” relation response
= \ » —pyvu-pia y €F
' = horizon C@ turn-based Reactive
i /‘ {4\1 cnacrifiratinne aranh aame Controller
. (Finite-state) abstraction with “simulation” relation reepons»
“COIStramits - = , —— = ONSII ' |
REoaRy [:27 : ot Tip1 = [T, we, u) . alped, . |
<\ continuous finite-horizon Continuous |
' wve N/ . reX,ueldweW . Controller
y = State + Input optimal control )




Finite-state abstraction with “simulation” relations

Tp1 = fag, wy, ug)
reX uelU weW

Every discrete transition can be “executed”
under the continuous dynamics



Finite-state abstraction with “simulation” relations

Tep1 = (T, we, ug) X
reX uelU weW

Every discrete transition can be “executed”
under the continuous dynamics




Finite-state abstraction with “simulation” relations

O
Tie1 = flae, we, uy) X O O
,_ O
reX ueld,weW
o 28] ®
o o °
Every discrete transition can be “executed” ® O O
under the continuous dynamics
O O
© o



Finite-state abstraction with “simulation” relations

Tty = f(;lft, Wy, 'llvt) X f
reX uelU weW O/D g)

Every discrete transition can be “executed” Cép \Rt?/:(!

under the continuous dynamics



Finite-state abstraction with “simulation” relations

Tp1 = fag, wy, ug)
reX ueld,weW O/D %
initial

Every discrete transition can be “executed”
under the continuous dynamics | Xtarget




Finite-state abstraction with “simulation” relations

LTty1 = f(l’t.a Wi, 'U't.) X /p
reX,ueldweW O/C) / .
initial
X,

Every discrete transition can be “executed” Cég |
under the continuous dynamics \{Kt‘) target

Why is discretization not necessarily a good idea?

Practically: Theoretically:
Complex partitions are needed. Finite yet humongous discrete 2P
state spaces may be needed. 22"

Representations and Algorithms for Finite-State Bisimulations of Linear
Discrete-Time Control Systems

Andrew Lamperski
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An alternative to explicit discretization:
no explicit discretization
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CDC 2016

Automata Theory Meets Approximate Dynamic Programming:
Optimal Control with Temporal Logic Constraints

Ivan Papusha’ Jie Fu* Ufuk Topcu! Richard M. Murray'
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An alternative to explicit discretization:
no explicit discretization

CDC 2016

Automata Theory Meets Approximate Dynamic Programming:
Optimal Control with Temporal Logic Constraints

Ivan Papusha’ Jie Fu* Ufuk Topcu? Richard M. Murray'

TAC 2015

Automata Theory Meets Barrier Certificates:
Temporal Logic Verification of Nonlinear Systems

Tichakorn Wongpiromsarn* Ufuk Topcu! Andrew Lamperski®




Problem statement

Given

System model continuous time, continuous state
: with assumptions on f for existence,
T = f(x,u), x(0)=xo

uniqueness and Zeno-freeness of solutions

z(t) e X CR", u(t) eld CR™



Problem statement

Given

System model
= f(x,u), x(0)=x
z(t) e X CR", u(t) eld CR™

Labeling function L : X — 3 = 247

(what properties hold at a given state?)

L(z) ={x € A}
L(zx) ={x € C}

L(z) ={x € B}



Problem statement

Given

System model
T = f(x,u), z(0)=xg t1 i
r(t) e X CR", u(t) eld CR™

Labeling function L : X — Y = 247 to

(what properties hold at a given state?)

O=to<t1 < ---<tny=T
L(x(t) = L(z(t)), tr < t < trss

L(z(ty)) # L(z(t}))



Problem statement

Given

System model
T = f(x,u), z(0)=xg 1 fo
r(t) e X CR", u(t) eld CR™

Labeling function L : X — Y = 247 to

(what properties hold at a given state?)

O=to<t1 < ---<tny=T
L(x(t) = L(z(t)), tr < t < trss

L(z(ty)) # L(z(t}))

“discrete” behavior: B(¢(xq, [0,T],u)) = 0go1...0n8_1 € X7
with o = L(z(tx))



Problem statement

Given

System model
T = f(x,u), z(0)=xg t1 i
r(t) e X CR", u(t) eld CR™

A C
ts
Labeling function L : X — Y = 247 to "
(what properties hold at a given state?) t3 -
X
Co-safe temporal logic specification ¥ b

(every satisfying word has a finite “good” prefix)

B(¢(ZCQ, [O,T],”LL)) — 0901...0N_1 €27

| | | with o, = L(x(ty))
Afinal state x¢ € X and afinal time T.



De-tour: Automaton representation for temporal logic

Machine-interpretable representation
of all words that satisfy the
corresponding temporal logic formula

Deterministic finite automata are
sufficient for co-safe linear temporal
logic formulas

(A— OB)A(C — OB) A (OAV OC)




Problem statement (2)

Specification ¥




Problem statement (2)

Specification ¥

-B
Compute a control law u that minimizes
r al _ n |: loss function
0 €($(T), U(T)) a7+ Z S(x(tk)’ q(tk’ )’ q(tk )) s: cost of mode transition
k=0

SUbjeCt tO X( I ) = Xf and
B(¢(x0 [() z ] u)) E E(A ) a” discrete be||aViOI‘
? ) ) Q)

satisfies the specification



Related work

4 = f(z,u), x(0)=mx Temporal logic specification
|t umyar
0 r(t) e X CR", u(t) ed CR™ (A= OB)A(C = OB) A (OAV OC)

restrict to simple specifications make it a formal methods problem



Related work

= f(z,u), x(0)=xo Temporal logic specification

T
|t uryar
0 r(t) e X CR", u(t) ed CR™ (A— OB) A (C = OB) A (OAV OC)

restrict to simple specifications make it a formal methods problem
Hedlund & Rantzer Habets & Belta

(optimal control for hybrid systems

+ convex dynamic programming) Wongpiromsarn, et al.

Xu & Antsaklis

(optimal control for switched systems) Wolff, et al.

Kariotoglou, et al. Fainekos, et al.

(approximate dynamic programming
for stochastic reachability)



Product hybrid system

The problem can be formulated as a dynamic programming problem
over a product hybrid system:

<Q7 X? E? f7 R7G>



Product hybrid system

The problem can be formulated as a dynamic programming problem
over a product hybrid system:

set of continuous continuous
states vector field

Voo

<Q7 X? E7 f? R7G>

set of states //

of the ECQOx%xQ

specification set of discrete
automaton transitions



Product hybrid system

The problem can be formulated as a dynamic programming problem
over a product hybrid system:

set of continuous continuous
states vector field

Voo

<Q7 X? E7 f? R7G>

7

set of states

of the ECQOxXxQ
specification set of discrete
automaton transitions

* The continuous state x evolves according to the vector field.

*The evolution of the discrete state q is governed by the automaton.

* A discrete transition is triggered when x crosses a boundary between two labeled
regions.



Product hybrid system

The problem can be formulated as a dynamic programming problem
over a product hybrid system:

set of continuous continuous
states vector field

Voo

<Q7 X? E7 f? R7G>

/ / \ a collection of guard

set of states R={R,| qcQ} regions in X:
of the ECQ@QxXxQ For each g, x evolves
specification I Rq refers to x reachable inside Rq until it enters a

automaton transitions while the automaton is in guard regiOn G(q,o‘,q’) and

or transitions to mode q a transition to g’ is made

* The continuous state x evolves according to the vector field.

*The evolution of the discrete state q is governed by the automaton.

* A discrete transition is triggered when x crosses a boundary between two labeled
regions.



Dynamic programming formulation

Hybrid Hamilton-Jacobi-Bellman equations over the product space

V*: optimal cost-to-go subject to the specifications

0 = min
uel

{ oV*(x,q)

S fl ) + z(az,u)}

Ve € Ry, Vg € Q)

V*(z,q) = min {V*(z,q') + s(z,q,¢")}
q

Vo € G., Ve =(q,0,¢) € E



Dynamic programming formulation

Hybrid Hamilton-Jacobi-Bellman equations over the product space

V*: optimal cost-to-go subject to the specifications

While the labels remain constant:

{ 3V;(§, q)

0 = min
uel

) + U, u>}
Ve € Ry, Vg € Q)

Over discrete transitions:

V*(z,q) = min {V*(z,q') + s(z,q,¢")}
q

Vo € G., Ve =(q,0,¢) € E

0.
iy



Dynamic programming formulation

Hybrid Hamilton-Jacobi-Bellman equations over the product space

V*: optimal cost-to-go subject to the specifications

While the labels remain constant:

{ oV*(x,q)

0 = min
uel

2D fa) + )|
Ve € Ry, Vg € Q)

Over discrete transitions:

V*(z,q) = min {V*(z,q') + s(z,q,¢")}
q

Vo € G., Ve =(q,0,¢) € E

At the “terminal” state:

0=V*(zs,q7), VayeF

0.
iy

start —

J
(=)=

SOy
Sy
Q¥
Ud\g/bd
Sy



(Toward computable) lower bounds on the optimal cost

Ogav(,(f’Q) - flz,u) + £(x, u) Vx € R,, Vu e U, Vq € Q)
x
0<V(z,q¢")—V(xz,q)+s(z,q,q) Vo € G., Ve =(q,0,q¢') € E

=V(zs,qr), Vg€ F



(Toward computable) lower bounds on the optimal cost

0 gavéx’Q) flz,u) + z,u) Vo€ Ry, Yuel, YgeQ
x
0<V(z,q¢")—V(xz,q)+s(z,q,q) Vo € G., Ve = (q,0,¢") € E

0=V(zr,qr), Vgr €F

V: approximate value function

A function V that satisfies the above conditions is an
under-estimator for the optimal value function V*:

V(CC(), QO) S V*(CU(), QO)




(Toward computable) lower bounds on the optimal cost

0 gavg”’” flz,u) + z,u) Vo€ Ry, Yuel, YgeQ
T
compare to 0 = min { av;(;’Q) [z u) + E(:I:,u)} Ve € Ry, Vg e Q
0<V(z,q¢")—V(xz,q)+s(z,q,q) Vo € G., Ve = (q,0,¢") € E

compare to  V*(z,q) = min {V*(z,¢') + s(z,¢,¢")} VeeG., Ve=(q,0,¢') € E
q

0=V(zr,qr), Vgr €F

V: approximate value function

A function V that satisfies the above conditions is an
under-estimator for the optimal value function V*:

V(CC(), QO) S V*(CU(), QO)




(Toward computable) lower bounds on the optimal cost

Ogav(,(f’Q) - flz,u) + £(x, u) Vx € R,, Vu e U, Vq € Q)
T

compareto 0= Lneig[l { av;(j’Q) flz,u) + E(:p,u)} Ve € Ry, Vq € Q)
0 <V(z,q") = V(z,q) +s(z,q,q) Ve € G, Ve = (q,0,¢') € E

compare to  V*(z,q) = min {V*(z,¢') + s(z,¢,¢")} VeeG., Ve=(q,0,¢') € E
q

0=V(zr,qr), Vgr €F

V: approximate value function

A function V that satisfies the above conditions is an Intuition from purely

under-estimator for the optimal value function V*: SIBEIEIE YRR
y* — TV*
V(z0,40) < V7(o, ) V<TV =V <V




Approximate value function and approximately optimal control law

Parametrize V with pre-specified basis functions ¢:

" basis:
Vix,q) = Z Wi q®i.q(T) function of x,
i=1 indexed by q

Search for approximate value function that maximizes V(xo,qo).
(one of the many scalarizations)



Approximate value function and approximately optimal control law

Parametrize V with pre-specified basis functions ¢:

" basis:
Vix,q) = Z Wi q®i.q(T) function of x,
i=1 indexed by q

Search for approximate value function that maximizes V(xo,qo).
(one of the many scalarizations)

Given V, an approximately optimal control law:

u(z, ) = argmin

{(‘W(w, q)

)0 4 a0

Mode switchings are autonomous, driven by the evolution of x.



Search for approximate value function
Linear system:  &(t) = Ax(t) + Bu(t), x(0) = xq,
Quadratic continuous cost:  £(z,u) =z’ Qr+u'Ru, Q >0, R>0

Constant switching cost: s(z, q, q’) =& -T({(q, q’) | q # q’})

For each g € Q, parametrize V by P, rq, t: V(z,q) = xTqu -+ 27“5.%‘ + 14



Search for approximate value function
Linear system:  &(t) = Ax(t) + Bu(t), x(0) = xq,
Quadratic continuous cost:  £(z,u) =z’ Qr+u'Ru, Q >0, R>0

Constant switching cost: s(x,q,q ) § - H({(Q7q/) | q # C]/})

For each g € Q, parametrize V by P, rq, t: V(z,q) = xTqu -+ QTZx + 14

Jnax V(zo,q0) = ¢ P,yxo + 27° B A G, subject to
] AP, +P,A+Q P,B Alr,| [z]

0< |u BTP, R BTr,| |u| YT € Ry, Vuel,VgeQ
1| | fquA rgB 0 | [1

T
0< [x] [Pq/ —Fy "o —Tq ] ['ﬂ Vr e G,, Ve € E

T T
1 rg —Tq Lo —tg+§

O—foqfa:f—l—Qr 2+ tg, Vgr € I

|7



Search for approximate value function

Linear system:  &(t) = Ax(t) + Bu(t), x(0) = xq,
Quadratic continuous cost:  £(z,u) =z’ Qr+u'Ru, Q >0, R>0

Constant switching cost: s(x,q,q ) § - H({(Q7q/) | q # q’})

For each g € Q, parametrize V by P, rq, t: V(z,q) = :UTan: -+ 2qu$ + 14

semi-infinite optimization problem

Jnax V(zo,q0) = ¢ P,yxo + 2r B A G, subject to
] AP, +P,A+Q P,B Alr,| [z]

0< |u B'P, R  Bfr,| |u @Rq, \v’@ Vg € Q)
1| | fquA rgB 0 | [1

T
T P, — P, re — Tq T @
OSL] [TCZ:—T;F tgy —tqg +&| |1 ve S s

q

O—foqfa:f—l—Qr 2+ tg, Vgr € I

|7



Solving the semi-infinite optimization problem

max  V(xg,qq) = ngqoxO + 27“3;560 ==t

0

Pq,7rq,tq
o T — —
v|” [ATP,+P,A+Q P,B A'r,
0< |(u BTPq R BTfrq
1| | r;{A rg;B 0

X
u

1

subject to

@Rq, Vu € UYVq € Q

T
OSH [ﬂ}—rT by =g == €| |1 °c

q q

Ozx?qu:Ef—l—Qrixf%—tqf Vgr € F

For quadratically representable Rq, Ge and U,

(1) use the S-procedure to resort to finite sufficient

conditions for the semi-infinite constraints
(2)translate into a semidefinite program



Solving the semi-infinite optimization problem

max V(z0,q0) = 2 Pyyxo + QTZ:)xO + tgq subject to
2]’ [ATP,+ P,A+Q P,B ATr)] [z

0< |u BTPq R BTfrq U @Rq, Yu eU)Vq € Q)
1| | rgA rg;B 0 | |1

T
b
OSH [rT,—rT tgr —tg & |1 ve e

q q

O:x?qu:Ef—l—Qrcixf%—tqf Vgr € F

“S-procedure”

For quadratically representable Rq, Ge and U, My, M7 : R" - R
(1) use the S-procedure to resort to finite sufficient My >0= My >0
conditions for the semi-infinite constraints A
(2)translate into a semidefinite program I\ > 0 s.t.

Mo (C) = AM; (C) > 0 ¢




Solving the semi-infinite optimization problem

Jnax V(xo,q0) = xp P ,To + 27{"1;;30 + g, subject to
] AP, + P A+Q P,B Alr,| [z]

0< |u BTPq R BTrq u| (Ve e Ry, VuelU) Vg € Q)
1| | r;{A rgB 0 | [L

T
x| |Py — P, rg—1g x
E
OSH [r?—rT by = g A€ |1 ve e

q q

O—:EfP iEf—I—Z?“g;ZEf—thf Vgr € F

For quadratically representable Rq, Ge and U,
(1) use the S-procedure to resort to finite sufficient
conditions for the semi-infinite constraints
(2) translate into a semidefinite program

Are Rqand Ge quadratically representable?
*Can be decided based on the atomic propositions in the specification.
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Example

Linear quadratic system

!

Q:]7 Rzla 5217 <

ilff — (0,0)

Specification

(A — OB) A (C — OB) A (QOAV OC)

Compare the spectra of the closed-
loop matrix in different modes

AS'=A—-BR'B'P;
A(AS) = {0.786 + 1.1444}

AAS) ={-1+4}



Example

Linear quadratic system

2 -2 1
= o] m=l)
Q:I7 RZl? 5217

ilff — (0,0)

Specification

(A— OB) A (C — OB) A (OAV OC)
https://github.com/u-t-autonomous/sydar

SYDAR: Synthesis Done Approximately Right

© Installation and usage

$ pip install sydar
$ sydar-matlab [input_file.miu] -o output.m

-B

Compare the spectra of the closed-
loop matrix in different modes

Al =A—-BR'B'P}
A(AS) = {0.786 + 1.1444}
AAS) ={-1+4}


https://github.com/u-t-autonomous/sydar
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No need for explicit finite abstraction
(w.r.t. the dynamics)

No need for expensive reachability
calculations
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Summary

No need for explicit finite abstraction
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No need for expensive reachability
calculations

Hope for scalability?

20

VAN

Scalability goal:

“Can we synthesize temporal-logic-
constrained controllers for systems
with 50 continuous states?”

|

T
AP, +P,A+Q P,B A'lr,

BTPq R BT'rq
quA rgB 0

x
U
1

Ve € Ry, Vu e U, Vg € Q
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Summary

e _ Scalability goal:
No need for explicit finite abstraction “Can we synthesize temporal-logic-

(w.r.t. the dynamics) constrained controllers for systems

_ . with 50 continuous states?”
No need for expensive reachability

calculations 21T [ATP, + P,A+Q P,B ATr,] [z
0< |u BTP, R Blr,| |u
1 quA TZB 0 1

.
Hope for scalability* Vaz € Ry, Yu €U, Vg € Q

Conservatism — S-procedure and basis selection
Policy is approximately optimal (bounds on sub optimality possible!)

Only co-safe temporal logic specifications (at this point)

20



usual
suspects

new
opportunities

What is next?

Demonstrate scalability

Reduce conservatism

Extend to broader classes dynamics — hybrid, nonlinear,...
Expand the family of specifications

Open up a broad set of new problems to ideas from controls
and optimization

Automata Theory Meets Approximate Dynamic Programming:
Optimal Control with Temporal Logic Constraints

Ivan Papusha’ Jie Fu*  Ufuk Topeu* Richard  Automata Theory Meets Barrier Certificates:
L —— -- Temporal Logic Verification of Nonlinear Systems

Tichakorn Wongpiromsarn* Ufuk Topcu! Andrew Lamperski?
L — e

21



Learning from expert demonstrations

* Incorporating expert demonstrations into an autonomous system is difficult

- Even when expert demonstrations are somehow incorporated, generalizing to
unseen scenarios can be unsafe.

- Can we generalize in a “safe” way using side information?

- what does “safe” mean?
- what kind of “side information” can be incorporated?

lvan Papusha
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lvan Papusha

Learning by expert demonstration
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Learning by expert demonstration

1. Expert gives “optimal” demonstrations

pV p@ e 2@
> s

lvan Papusha
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Learning by expert demonstration

1. Expert gives “optimal” demonstrations

oD p@ =0 5@
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3. Learned objective (e.g. loss function) used to
mimic the expert in an autonomous system
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plant
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Learning by expert demonstration
1. Expert gives “optimal” demonstrations

oD p@ =0 5@

2. Demonstrations used to “learn” the expert

oD p@ A 0 5@

3. Learned objective (e.g. loss function) used to
mimic the expert in an autonomous system

~>

plant

heli.stanford.edu

lvan Papusha
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Learning fails when the expert is inconsistent

Expert demonstrations: Learned policy:

— =/ = start—
-7 SR B B

t — — —

| qu > < -q-A—h -—

b b Ledd —
R R U R B N

Task: get from start to end in the fewest steps, while visiting A and B in any order

- inverse optimal control applied to a grid world
- dynamics are modeled as a transition system
- learned an approximation to the optimal value function V*(s)

f(z,p) = €(s,8") + V(s

lvan Papusha
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Expert demonstrations: Learned policy:

start

end

Task: get from start to end in the fewest steps, while visiting A and B in any order

- inverse optimal control applied to a grid world
- dynamics are modeled as a transition system
- learned an approximation to the optimal value function V*(s)

f(z,p) = €(s,8") + V(s
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Learning fails when the expert is inconsistent

Expert demonstrations: Learned policy:
|--------------Start
B
v
A

end

Task: get from start to end in the fewest steps, while visiting A and B in any order

- inverse optimal control applied to a grid world
- dynamics are modeled as a transition system
- learned an approximation to the optimal value function V*(s)

f(z,p) = €(s,8") + V(s
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Learning fails when the expert is inconsistent

Expert demonstrations: Learned policy:
|--------------Start
B . .
. imputed value function
\ 4 has no memory
A

end

Task: get from start to end in the fewest steps, while visiting A and B in any order

- inverse optimal control applied to a grid world
- dynamics are modeled as a transition system
- learned an approximation to the optimal value function V*(s)

f(z,p) = €(s,8") + V(s

lvan Papusha
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Side information

Task: get from start to end in the fewest steps, while visiting A and B in any order

Side information automaton
—|p2

Ay
—p1 A\ P2 true
P1 D2
_|p1
P2 P1
time o 1 2 3 .. t t+1
state Si1 S2 S3 S4 ... St St

T F
T F

IS
.
-
-
-

lvan Papusha

Side information: a specification
automaton that every “optimal”
trajectory must satisfy.

At each time step the atomic
propositions p1 and p2 are evaluated
- p1 = true iff. the state is A
- p2 = true iff. the state is B

In the inverse problem, the side
information becomes a hidden state
with (known) evolution

25



Data structures

Memoryless policy:

uy(s) € argmin {K(S,Oz,sl)—i— t:-l(sl)}

{a|3i>s’}

Mode-varying policy:

u*(s,q) € argmin (s, 0, 8) + V(5. d')}
{a|s—>s’,q'=6(q,L(s))}

Expert data:

D= {((@®,5®,¢®), (s®,¢)) [k=1,...,N)

lvan Papusha

26



Data structures

Memoryless policy:
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Data structures

Memoryless policy:

uy(s) € argmin {K(s,a,sl)—i— t:-l(sl)}

{a]|s—=+s"}
- L learned by 1I0C
optimizing process

Mode-varying policy:

u*(s,q) € argmin (s, 0, 8) + V(5. d')}
{a|s—>s’,q'=6(q,L(s))}

Expert data:
D= {((@®,5®,¢®), (s®,¢)) [k=1,...,N)

& X (K) \

p®)
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Data structures

Memoryless policy:

ui(s) € argmin {€(s,a,s') + Vi (s')}

{a|s—>s"}
o L learned by 10C
optimizing process

Mode-varying policy:

u*(s,q) € argmin (s, 0, 8) + V(5. d')}
{a|s—>s’,q'=6(q,L(s))}

Expert data:
D ={((@®, Y, ¢"), (s©,¢")) [k=1,....N}

& X (K) \

pK)
compare to memoryless case:

D = {((a(k),s’(k)), s(k)) k=1,...

lvan Papusha



Expert demonstrations:

Side information-aware policy has memory

Side information:

lvan Papusha

Ay

—p1 A P2

start ->

—|p1
D2

P1

P2

true

P1

Learned policy:

S R
e q |-

' — G——

, .
[ N A
' b

R T s R
R
EEREEEEE
I
bt L._'.._
(N S N B |
(b) g=a
Vb 8T
I
BEREEE R
- - - -
bt L._].._
ottt 4
(d) g=gs
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Side information-aware policy has memory

Expert demonstrations: Learned policy:

lvan Papusha
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Side information-aware policy has memory

Expert demonstrations: Learned policy:
v
- Coc oo >
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Side information-aware policy has memory

Expert demonstrations: Learned policy:
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Side information-aware policy has memory

Expert demonstrations: Learned policy:

lvan Papusha

27



Summary

- Extend to broader dynamics classes—hybrid, nonlinear...
direct - Expand the family of specifications and languages
extensions - Investigate the role of stochastic policies and partially
specified side information
- Demonstrate scalability

S » Open up a broad set of new problems to ideas from control
opportunities and optimization
CDC 2016

Automata Theory Meets Approximate Dynamic Programming:
Optimal Control with Temporal Logic Constraints

Learning from Demonstrations with High-Level Side Information Ivan Papusha!  Jie Fu*  Ufuk Topcu!  Richard M. Murray!
[ — SRS
Min Wen*  Ivan Papusha’ Ufuk Topcu' .
U University of Pennsylvania. https://github.com/u-t-autonomous/sydar
"University of Texas at Austin . . .
SYDAR: Synthesis Done Approximately Right

o Installation and usage

$ pip install sydar
$ sydar-matlab [input_file.miu] -o output.m

lvan Papusha 28
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